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Global supply chains and logistics networks
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Mathematical modelling

sq = f(x1,...) o= B(x,..) ———

).(3:f3(X1,...) kn:fn(xla---)‘i"'

).(1 = fil(Xl7 cee sy Xny u1)

Xn = fu(X1,.. .\ Xn, Un)



Logistics networks Introduction to ISS Network of n systems Interpretations Examples Conclusions
[e]e]e] } 0000 000 00000000 0000000 o]

Mathematical modelling

Approaches

» continuous (ODE, PDE)
> discrete
» hybrid
>
>

time delays
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Mathematical modelling

Approaches Problems

> continuous (ODE, PDE) » nonlinear behavior

> large number of nodes

» discrete o
. » lack of information,
> hybrid _
> time delavs » permanent disturbances
y (internal, external)
>

= decentralized control
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Problems

» nonlinear behavior

> large number of nodes
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>

permanent disturbances
(internal, external)

= decentralized control

Does it work (optimality, stability, robustness, ...)?
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Comparison functions

Definition K
» v: Ry — Ry is called K-function, if v is
continuous and strictly monotone
increasing with y(0) =0
v is a Koo-function, if it unbounded and
vy e K.
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Comparison functions

Definition K
» v: Ry — Ry is called K-function, if v is
continuous and strictly monotone
increasing with y(0) =0
v is a Koo-function, if it unbounded and
vy e K.
> :R>o x Ry — Ry is called
KCL-function, if
» (3 is continuous L
» 8(-,t) e L Vt>0and
» O(s,t) | 0for t — co and all s > 0.
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Input-to-State Stability (ISS)

Definition (Sontag, 1989)
The system

x(t) = £(x(t), u(t))

is called ISS, if there are 6 € KL and
v € K such that

[Ix(@)II < B(I[x(O)]]; £) + ~(llullo);

for all x(0) e R", t > 0,u € L.
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Input-to-State Stability (ISS)

Definition (Sontag, 1989)
The system

x(t) = F(x(t), u(t))

is called ISS, if there are 6 € KL and
v € K such that

[Ix(@)II < B(I[x(O)]]; £) + ~(llullo);

for all x(0) e R", t > 0,u € L.

(I14lloc)
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‘\\\?(IIX(O)IL t) +7(llulloo)

~

[Ix(2)
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Intuitive example

Ix(8)] < B(Ix(0)]; £) + 7 ([lull)

u Z F—— X

Y Xx=f(x,u)

u: input

X : state

input-to-state stability ~
the level of x is proportional
to the level of u
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Intuitive example

Ix(8)] < B(Ix(0)]; £) + 7 ([lull)

u
u Z F—— X
Y x=f(x,u) b
4 input fluid level = x
X : state
input-to-state stability ~ | '

the level of x is proportional
to the level of u

Conclusions
o]
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Intuitive example

Conclusions

Ix(8)] < B(Ix(0)]; £) + 7 ([lull)

u Z F—— X

Y Xx=f(x,u)

u: input

X : state

input-to-state stability ~
the level of x is proportional
to the level of u

fluid level = x

}

stability <= diameter d = g(x)
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ISS-Lyapunov function

Definition
V : R" — R is an ISS-Lyapunov function

if there are 91,92 € Koo, x € K and a pos. def. function « such
that

Di(lx]) < V(x) < go(lx]), xR,

V(x) = x(lu]) = VV(x)f(x, u) < —a(V(x)).

The function  in then called Lyapunov-gain.
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ISS-Lyapunov function
Definition

V : R" — R is an ISS-Lyapunov function

if there are 91,92 € Koo, x € K and a pos. def. function « such
that

Di(lx]) < V(x) < go(lx]), xR,

V(x) = x(lu]) = VV(x)f(x, u) < —a(V(x)).

The function  in then called Lyapunov-gain.

Theorem (Sontag & Wang (1995))

The system x(t) = f(x(t), u(t)) is ISS
<> it has an ISS-Lyapunov function.
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Network of n systems

Consider
X1 = fAxt, ..., % U)
Xn = fo(x1,...,Xn,U)

f;. : RZJ Nj+N” — RNi

Network of n systems
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Network of n systems

Consider

Y13

D = Py R

x1 = f(x,..., X, ) V31
: 2| Unt Vn3 e

Xn = fo(x1,...,Xn,U) | %f lﬂfyT{ %f T

f;. : RZJ Nj+N” — RNi
such that
[Ixi(8)I] < Bi([Ixi(0)[], ) + Z’YU(HXJ[QﬂHm) +n([|ug, o)
j=1

where 7; = 0 or v;; € K, and v;; :== 0.
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The gain-matrix

M= (vj) =

V21

Yn—-1,1
Yni

Y12

Network of n systems Interpretations
(o] T}

00000000

723

Yn—1,n—2 0
Yn,n—1

Examples Conclusions
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Y1in
Y2n

Yn—1,n
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The gain-matrix

0 72
Y21 0 V23
F=0y) =1 :
Yn-11 --- Yn—1,n-2 0
Ynl . ... Yn,n—1

I_:]Rf'i_—HRf:_ r(s) =

Examples
0000000

Y1in
Y2n

Yn—1,n
0

Conclusions
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Small-gain condition for networks

Notation: x = (x,...,x])T and f = (f",..., )7,
for aj € K let
(Id + 1)
D =
(Id + ap)

Conclusions
o]
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Small-gain condition for networks

Notation: x = (x,...,x])T and f = (f",..., )7,
for aj € K let

(Id + aq)
D= i (%)
(Id + ap)

Theorem (D., Riiffer, Wirth’ 2007)
If there exists D as in (*) such that

o D(s) # s, VseRl, s#0,

then the system x = f(x, u) is ISS from u to x.
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Small-gain condition ' o D(s) % s

> n=2;
The condition 3D with [ o D(s) # s Vs # 0 is equivalent to
Jag, ap € Ko with (Id + a3) 091 0 (Id + ap) o v2 < Id.
(Jiang—Teel-Praly-condition)
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Small-gain condition ' o D(s) % s

> n=2;
The condition 3D with [ o D(s) # s Vs # 0 is equivalent to
Jag, ap € Ko with (Id + a3) 091 0 (Id + ap) o v2 < Id.
(Jiang—Teel-Praly-condition)

> In case ;; are linear, i.e., I is a nonnegative Matrix, then the
condition 3D with [ o D(s) # s Vs # 0 is equivalentto
r(I') < 1, where r is spectral radius.
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Small-gain condition ' o D(s) % s

> n=2;
The condition 3D with [ o D(s) # s Vs # 0 is equivalent to
Jag, ap € Ko with (Id + a3) 091 0 (Id + ap) o v2 < Id.
(Jiang—Teel-Praly-condition)

> In case ;; are linear, i.e., I is a nonnegative Matrix, then the
condition 3D with [ o D(s) # s Vs # 0 is equivalentto
r(I') < 1, where r is spectral radius.

Corollary

Let I be linear. If
r(lN <1,

then the interconnected system x = f(x, u) is input-to-state stable.

See also [Bailey 1966], [Rouche, Habets, Laloy 1977], [Hinrichsen,
Karow, Pritchard 2005]
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Associate discrete time system

Let I' be a nonlinear operator as above. Consider
Sk+1 = r(Sk), 50 6R207 k :07172)"'7 (**)
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Associate discrete time system

Let I' be a nonlinear operator as above. Consider
Sk+1 = r(Sk), 50 6R207 k:07172a"'7 (**)

Theorem (D., Riiffer, Wirth' 2007)
If 3D with T o D(s) # s for all s € R%,\ {0}

then the system (**) is globally asymptotically stabile at 0.
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Geometric interpretation for n = 2
.= [ 0 712] Z1ld < either y12(s2) < s1 0or 121(51) <

v1 0
Y12 0721 < id
95} Q>
52
'7121
721

S1
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Geometric interpretation for n = 2
M= [ 0 712] Z?Ild <= either y12(s) < 51 0or Y21(51) < 5

Y1 O
7120721 < id
Q Q2
52
~1
Y12
9]

S1



Logistics networks Introduction to ISS Network of n systems Interpretations Examples Conclusions
0000 0000 000 00@00000 0000000 o]

Geometric interpretation for n = 2
M= [ 0 712] Z?Ild <= either y12(s) < 51 0or Y21(51) < 5

Y1 O
7120721 < id
Q4 Q5
52
Q)
V21

S1
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Geometric interpretation for n = 2
M= [ 0 712] Z?Ild <= either y12(s) < 51 0or Y21(51) < 5

Y1 O
120721 < id
Q Q)
2
Q1N ;é 0
-1
Y12
V21

S1
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Geometric interpretation for n = 2

= [ 0 ’712] Z?Id <= either y21(s1) < s1 or 71*21(52) > 5

Y1 0
Q4 Q5
S2

Y12
721

S1
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Geometric interpretation for n = 2

= [ 0 ’712] Z?Id <= either y21(s1) < s1 or 71*21(52) > 5

Y1 0
Q4 Q5
S2

Y12
721

S1
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Geometric interpretation for n = 2

M= [ 0 712] Z?Id <= either y21(s1) < s1 or 7f21(52) > 5

Y1 0
Q4 Q5
S2

Y12 *
(Y MNw
Y21 ( )

S1
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Geometric interpretation for n = 2

M= [ 0 712] Z?Id <= either y21(s1) < s1 or 7f21(52) > 5

Y1 0
Q4 Q5
S
— [ ]
7’121
4 Y21 r2 ( W*)

S1
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Geometric interpretation for n = 2

M= [ 0 712] Z?Id <= either y21(s1) < s1 or 71*21(52) > 5

Y21 0O
91 Q)
S2
2 °
4 721
|-3 ( W*)

S1
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Geometric interpretation for n = 2

M= [ 0 712] Z?Id <= either y21(s1) < s1 or 71*21(52) > 5

Y1 0
Q4 Q5
S
_ )
7’121
721
()
|-4( W*)

S1
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Geometric interpretation for n = 2

M= [ 0 712] Z?Id <= either y21(s1) < s1 or 71*21(52) > 5

Y1 0
Q4 Q5
S
_ °
7’121
721
()
° r>(w*)

S1
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Geometric interpretation for n = 2

M= [ 0 712] Z?Id <= either y21(s1) < s1 or 71*21(52) > 5

Y1 0
Q4 Q5
S
-1 [ )
Y12
721
()
o
° ro (w*)
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Geometric interpretation for n = 2

M= [ 0 712] Z?Id <= either y21(s1) < s1 or 71*21(52) > 5

Y1 0
Q4 Q5
2
-1 [ )
Y12
721
()
o
o
r? ( W*)

S1
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Geometric interpretation
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Geometric interpretation

Qi = {x €RY: [x| > 3 v;(Ix])
J#i
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Geometric interpretation

J#i

Q; = {X eRY: |x] > ZVU(|XJ|)}-
Theorem (D., Riiffer, Wirth' 2007)
M(s) #sVs#0,s>0=
> U2 =R\ {0}
i=1
> Q= ﬁ Vi 75 0
i=1

»  connected and unbounded
» Q) cQ
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Geometric interpretation

Q)

0, = {x ERY: || > zwuxm}.

=
Theorem (D., Riffer, Wirth’ 2007)
M(s) #sVs#0,s>0=

> _QIQ,- — RN\ {0}

n
> Q= n Vi 75 0

i=1
»  connected and unbounded
» Q) cQ
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Geometric interpretation

0, = {x ERY: || > Zw(IXJI)}-

JF
Theorem (D., Riffer, Wirth’ 2007)
M(s) #sVs#0,s>0=
> U2 =R"\{0)
i=1

n
> Q= n Vi 75 0

i=1
»  connected and unbounded
» Q) cQ

Interpretations Examples Conclusions
0000000 0000000 o]

Q)

Q3

In ©; exists an
ISS-Lyapunov function V;
with

Vi(x) = VVi(x) - fi(x) < 0
for x € ;.
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Important consequence from the small gain condition

Theorem (D., Riiffer, Wirth’ 2010)
Let T be irreducible. Let D = diag(ld+ K,) be such that

o D(s) # s, VseRY, s#0.

Then there exist K,-functions o1,...,0, with
o/>0,i=1,....,n and

FoD(o(t)) <o(t), Vt>0, o(t)=(o1(t),...,0on(t)"
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Important consequence from the small gain condition

Theorem (D., Riiffer, Wirth’ 2010)
Let T be irreducible. Let D = diag(ld+ K,) be such that

o D(s) # s, VseRl, s#0.

Then there exist K,-functions o1,...,0, with
o/>0,i=1,....,n and

FoD(o(t)) <o(t), Vt>0, o(t)=(o1(t),...,0on(t)"

o(t) e Q=) Vt>0

i=1
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Important consequence from the small gain condition

Theorem (D., Riiffer, Wirth’ 2010)
Let T be irreducible. Let D = diag(ld+ K,) be such that

o D(s) # s, VseRl, s#0.

Then there exist K,-functions o1,...,0, with
o/>0,i=1,....,n and

FoD(o(t)) <o(t), Vt>0, o(t)=(o1(t),...,0on(t)"

o(t) e Q=) Vvt

i=1
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ISS-Lyapunov function for a network

Theorem (D., Riiffer, Wirth’ 2010)
Let V; be an ISS-Lyapunov function for the i-th system

vin(Ixi]) < Vi(x) < via(lxil),  xi € RN,

Xr)>ZXU 09))Hi[uil) = VVi()fi(x, ui) < —ai(Vi(xi)),

with Lyapunov—ga/ns xij and T = (xjj)ij=1,.n-
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ISS-Lyapunov function for a network

Theorem (D., Riiffer, Wirth’ 2010)
Let V; be an ISS-Lyapunov function for the i-th system

pin(Ixil) < Vi(x) < da(lxil), xi € R,

Xr)>ZXU 09))Hi[uil) = VVi()fi(x, ui) < —ai(Vi(xi)),

with Lyapunov—ga/ns xij and T = (xjj)ij=1,.n-
Let D be as above such that

D(s) % s, VseRl, s#0,
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ISS-Lyapunov function for a network

Theorem (D., Riiffer, Wirth’ 2010)
Let V; be an ISS-Lyapunov function for the i-th system

Yin(xi]) < Vi(x) < vi(lxil), x € R,

X,)>ZXU 109))Hiluil) = VVi(x)fi(x, ui) < —ai(Vixi)),

with Lyapunov—ga/ns xij and T = (xjj)ij=1,.n-
Let D be as above such that

D(s) % s, VseRl, s#0,

then V/(x) = max;{o; *(Vi(x;))} is an ISS-Lyapunov function for

the whole System x = f(x, u).

Conclusions
o]
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An example with two nodes

—— = Passport control Customs |——

X1 X2
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An example with two nodes

—— Passport control

Interpretations Examples
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X1

)'qzu—bl

Xo = b1 — by

X2

Conclusions
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Customs |——
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An example with two nodes

—— Passport control

X1

)'qzu—bl

Xo = b1 — by

Interpretations Examples Conclusions
00000000 @®000000 o]
—
Customs
X2

axy + by/xq
by = ———
1+ x

b2 = CX2
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Two nodes

A

—— Passport control

X1

_axitby/xi

X1 = 1+x
. b/
o = axtbyxi cxo

1+x

Interpretations Examples Conclusions
00000000 0O@00000 o]
—
Customs

X2
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Two nodes

i

—— Passport control Customs |——

X1 X2

b? 2
u)= -—ru
.  axtbyE ’Vu() 422
1= b 1+ ’ylg(Xg) =12 X5
. X X:
Xo = ATV

1
2 . 2 2
1+x Yo1(x1) = (mm {2%7 %})2 X

Sl
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Network of n systems Interpretations Examples

Conclusions

Two nodes

i

—— Passport control

Customs [———

X1

X2
B2 2
u)= —+u
=y — axi+by/x1 "}/u( ) 432 9
1 1+xo ’ylg(Xz) = pX2
o — ax1+by/x1
5 = TLTOVAL

1

— CX2 2 2

14+x ; 2
2 Y1(x1) = (mln {zca, 2 }) VX1

2 . 2 22
n2onm(s) = Hmin{ £, G5 < 4fs <

b4
if %<1.

o
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Simulation

u(t) = 1.5 +sin(t) + sin(5t)/2
x(0) =10, x(0) = 10.

Interpretations
00000000

Examples
00@0000

Conclusions
o]
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Simulation

u(t) = 1.5 +sin(t) + sin(5t) /2

x1(0) = 10, x(0) = 10.

Network of n systems

Interpretations
00000000

Examples Conclusions
00@0000 o]

x(t)+/xa(t)

xa(t) = u(t) = =15

salt) = 2250 — st

1+X2(t
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Simulation

() = u(e) - LG

u(t) = 1.5 +sin(t) + sin(5t) /2 T+x(t)
X1(O) =10, XQ(O) = 10. ).<2(t) _ Xl(i)_:‘xz{;@ . Xz(t')
: j X1

i u :‘\

J\q M ﬂf"\ ‘f"\‘ “W‘ ‘nfv‘ Mm ‘mﬁm z\w
: fp Af U“ W ‘Aj“‘ b v\ iX2

Figure: Input v and the queues xi, x»
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Car production network

Network of n systems
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Interpretations
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Plant
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Orders

Plant

~Distribution 1

Distribution 2
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Car production network

Network of n systems
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X
Plant Plant
Orders Plant

~Distribution 1

Distribution 2
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Car production network

Network of n systems

[e]e]e}

Interpretations
00000000

x = f(x,u)

Plant

Examples Conclusions
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Orders

Plant

~Distribution 1

Distribution 2
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Car production network

X2 X4

Interpretations
00000000

Plant Plant

Examples Conclusions
0000e00 o]

X5

Orders Plant

X1 X3

~Distribution 1

Distribution 2

X6
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State equations

PRV
Xp = %% + % min{b3, C3X3} — min{bz, C2X2}
X3 = %% + % min{bg, C2X2} - min{bg, C3X3}
X4 = %% + % min{by, coxo} + min{bs, c3x3} — min{bs, caxa}

=1 min{bg, Caxa} — C5x5

3_'<.
|
N

X6 = min{b4, C4X4} — Cp X6

N|—=
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Gain-Matrix

= () =

Network of n systems

[e]e]e}

0
an1v/x
331\/>?
341\/>?

0

0

dioX
0

2

azaX
dgo X

0
0

Interpretations
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Gain-Matrix
[0 312X2 ‘913X2 0 0 O]
a1v/x 0 anx 0 00
r— (7) _ 331\/;( d3oX 0 0 0 0
' 4 agi/x agpx  agzsx 0 0 0
0 0 0 asg X 0 0
| O 0 0 agax 0 0]
small-gain condition:

312522 + 31353% 1 [s1]

a214/S1 + a23s3 )

_ a31y/s1 + as S3

()= | #

414/51 + 24252 + 24383 S4

as5454 S5

L 6454 i 156 |
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Conclusions

» Logistics networks can be modelled by dynamical systems with
inputs
» Stability is a fundamental property for such networks

» A stability condition for such networks is
dD:ToD(s)2s Vs>0,s#0

and can be used

> to verify stability
» for stabilization (in particular in MPC)

» Under the small gain condition there is a method of
construction of an ISS-Lyapunov function for networks

» These results are available for other types of systems

(Gnc 637
Alitonomous Logmiics

Acknowledgments



	Contents
	Logistics networks
	Global Logistics networks
	
	Modelling
	

	Introduction to ISS
	Comparison functions
	Input-to-State Stability
	ISS-Lyapunov function

	Network of n systems
	Small-gain condition for n systems

	Interpretations
	Relation to known results
	Associate discrete time system
	Geometric interpretation
	-path and ISS-Lyapunov function
	

	Examples
	
	
	
	

	Conclusions
	



