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Statistical Model Checking 
for Stochastic Hybrid Systems 

SMC 



Cyber-Physical Systems 

 Complex systems 
that tightly integrate 
multiple, networked 
computing elements 
(hardware and 
software) with non-
computing physical 
elements such as 
electrical or 
mechanical 
components. 
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Overview  

 Stochastic Hybrid Systems 
 Metric Interval Temporal Logic 
 UPPAAL SMC 
 
 Schedulability and Performance Analysis of 

Mixed Critical Systems 
 
 Energy Aware Buildings 
 
 Conclusion 
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Hybrid Automata 
H=(L, l0,§ , X,E,F,Inv) 
where 

 L set of locations 
 l0 initial location 
 § =§ i [  § o   set of actions 
 X set of continuous 

variables   
   valuation  º : X! R             
                          (=RX) 

 E set of edges (l,g,a,Á,l’) 
with gµ RX   and    

                 Áµ RX£ RX  and  a2§  
 For each l a  

delay function  
    F(l): R>0£ RX  !  RX 

 For each l an invariant  
    Inv(l)µ RX               
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Player 1 Player 2 

Ball  



Hybrid Automata 
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Semantics 
 States  

    (l,º )  where º2RX 

 Transitions 
 (l,º ) ! d  (l,º ’) where     
    º ’=F(l)(d,º )   
    provided º ’2  Inv(l) 
 
 (l,º ) ! a (l’,º ’) if 

    there exists  (l,g,a,Á,l’)2E 
    with º2g and  
           (º ,º ’)2Á and   
            º ’2  Inv(l’) 
 
 

 
 

(p = 10; v = 0) d! (p = 10 ¡ 9:81=2d2; v = ¡ 9:81d)
bounce!! (p = 0; v = 14:02 ¢0:83) at d = 1:43

d! (p = 6:92; v = 0) at d = 1:18
d! (p = 0; v = 11:51) at d = 1:18

bounce!! : : :

Ball 

 



Stochastic Hybrid Automata 
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* Dirac’s delta functions for  
deterministic delays / next state 

Stochastic Semantics 
For each state s=(l,º )  
 
Delay density function*  
 ¹ s: R>0!  R 
 

Output Probability Function 
 ° s: § o!  [0,1] 
 
Next-state density function* 

 ´ a s: St!  R  
                          where a2§ . 
 
   
 

 
 

Ball 

Player 1 

𝑃𝑃1 ℎ𝑖𝑖! 𝑏𝑏𝑏𝑏𝑏𝑏! = � 2.5 𝑒−2.5𝑡 𝑑𝑑
𝑡=1.43

𝑡=0
 

 
               = −𝑒−2.5𝑡

0
1.43 = 0.97 

Player 2 

𝑃𝑃2 ℎ𝑖𝑖! 𝑏𝑏𝑏𝑏𝑏𝑏! = � 1
3� 𝑑𝑑

𝑡=1.43

𝑡=0
 

 
               = 1

3⁄  𝑡 01.43 = 0.48 

(p = 10; v = 0) d! (p = 10 ¡ 9:81=2d2; v = ¡ 9:81d)
bounce!! (p = 0; v = 14:02 ¢0:83) at d = 1:43

 



Stochastic Hybrid Automata 
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* Dirac’s delta functions for  
deterministic delays / next state 

(p = 10; v = 0) d! (p = 10 ¡ 9:81=2d2; v = ¡ 9:81d)
bounce!! (p = 0; v = 14:02 ¢0:83) at d = 1:43

Stochastic Semantics 
For each state s=(l,º )  
 
Delay density function*  
 ¹ s: R>0!  R 
 

Output Probability Function 
 ° s: § o!  [0,1] 
 
Next-state density function* 

 ´ a s: St!  R  
                          where a2§ . 
 
   
 

 
 

UPPAAL SMC 
Uniform distributions (bounded delay) 
Exponential distributions (unbounded delay) 
Syntax for discrete probabilistic choice 
Distribution on next state by use of random 
Hybrid flow by use of ODEs 
+ usual stuff (structured variables, user-defined types 
    user-defined functions, ….) 
 
Networks 
Repeated races between components for outputting 

 



 
 

Pr[c<=C](<> T.T3) ? 

Stochastic Semantics NTAs 

 Composition = Race between components 
for outputting  
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Pr[time<=2](<> T.T3) ? Pr[time<=T](<> T.T3) ? 



Stochastic Semantics of NHAs 

Assumptions: 
 Component SHAs are: 

• Input enabled 
• Deterministic 
• Disjoint set of output actions  

¼ ( s , a1 a2 …. an ) :  
    the set of maximal runs from  s with a prefix 
  t1 a1 t2 a2 … tn ak 
    for some t1,…,tn 2  R.  
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Logical Properties– WMITL  
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MODEL M 

Á = 

PrM(Á) = ?? 



Statistical Model Checking 
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M 

Á 

µ, ² 

Generator 

Validator 

Core Algorithm 

In
co

nc
lu
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ve

 

PrM(Á) 2  [a-²,a+²]  
with confidence µ 

p,® 

PrM(Á) ¸  p 
at significance level ® 

} <T p 

[FORMATS11, 
LPAR12, RV12] 



Schedulability  
& Performance Analysis 

?? 



Task Scheduling 
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T2 is running 
{ T4 , T1 , T3 } ready 
ordered according to some 
given priority: 
(e.g. Fixed Priority, Earliest Deadline,..) 

T1 

T2 

Tn 

Scheduler 
 
 
 

2 1 4 3 

ready 
done 

stop 
run 

P(i), UNI[E(i), L(i)], .. : period or  
                          earliest/latest arrival or ..  for Ti 
C(i), UNI[BC(i),WC(i)] : execution time for Ti 
D(i): deadline for Ti 
 

utilization of CPU 



Modeling Task 

LCCC Workshop on Formal Verification of 
Embedded Control Systems, April 17-19, Lund, 
Sweden 

Kim Larsen [14] 

T1 

T2 

Tn 

Scheduler 
 

 
 

2 1 4 3 

ready 
done 

stop 
run 



Modeling Scheduler 
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T1 

T2 

Tn 

Scheduler 
 

 
 

2 1 4 3 

ready 
done 

stop 
run 



Modeling Queue 
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T1 

T2 

Tn 

Scheduler 
 

 
 

2 1 4 3 

ready 
done 

stop 
run 

…… 



Schedulability Analysis 
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const int E[N] = { 200, 200, 100, 100 };      
const int L[N] = { 400, 200, 100, 100 };  // Ready interval 
const int D[N] = { 400, 200, 100, 100 };  // Deadlines 
const int WC[N] = { 60,  40,  20,  10 };  // Worst Computation Times 
const int BC[N] = { 20,  20,  10,   5 };  // Best Computation Times 
const int P[N] = {   1,   2,   3,   4 };  // Priorities 

simulate  1 [<=400]  
 { Task0.Ready + 2*Task0.Running +3*Task0.Blocked,     
   Task1.Ready + 2*Task1.Running +3*Task1.Blocked  + 4,   
   Task2.Ready + 2*Task2.Running + 3*Task2.Blocked + 8,   
   Task3.Ready + 2*Task3.Running + 3*Task3.Blocked +12 } 

A[] not (Task0.Error or Task1.Error  
                       or Task2.Error or Task3.Error)  



Schedulability Analysis 
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const int E[N] = { 200, 200, 100, 100 };      
const int L[N] = { 400, 200, 100, 100 };  // Ready interval 
const int D[N] = { 400, 200, 100, 100 };  // Deadlines 

const int WC[N] = { 60,  40,  20,  60 };  // Worst Computation Times 
const int BC[N] = { 20,  20,  10,   5 };  // Best Computation Times 
const int P[N] = {   1,   2,   3,   4 };  // Priorities 

A[] (not Taski.Error)    i : 0,1,2,3   
Pr[<=4000]  
  ( <> Task0.Error or Task1.Error  
                or Task2.Error or Task3.Error) 

simulate  10000 [<=400]  
 { Task0.Ready + 2*Task0.Running +3*Task0.Blocked,     
   Task1.Ready + 2*Task1.Running +3*Task1.Blocked  + 4,   
   Task2.Ready + 2*Task2.Running + 3*Task2.Blocked + 8,   
   Task3.Ready + 2*Task3.Running + 3*Task3.Blocked +12 } 
   : 1 : (Task0.Error or Task1.Error or Task2.Error or Task3.Error) 

   



Performance Analysis 
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sup : Task2.r, Task3.r 



Performance Analysis 

LCCC Workshop on Formal Verification of Embedded 
Control Systems, April 17-19, Lund, Sweden 

Kim Larsen [20] 

E[<=800; 5000] (max: Task0.r) 
E[<=800; 5000] (max: Task0.r) 
E[<=800; 5000] (max: Task0.r) 
E[<=800; 5000] (max: Task0.r) 

D=400 

D=200 

D=100 

D=100 



Herschel-Planck Scientific Mission at ESA 
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Attitude and Orbit Control Software 
TERMA A/S Steen Ulrik Palm, Jan Storbank Pedersen, Poul Hougaard 



Herschel & Planck Satelites 

 Application software (ASW)  
 built and tested by Terma: 
 does attitude and orbit control, tele-

commanding, fault detection isolation and 
recovery. 

 Basic software (BSW)   
 low level communication and scheduling 

periodic events. 
 Real-time operating system (RTEMS) 

 Priority Ceiling for ASW,  
 Priority Inheritance for BSW 

 Hardware 
 single processor, a few communication 

buses, sensors and actuators. 
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Requirements: 
Software tasks should be schedulable. 
CPU utilization should not exceed 50% load 



Modeling in UPPAAL 
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UPPAAL 4.1 Framework 
ISoLA 2010 



Gantt Chart 1. cycle 
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Blocking & WCRT 
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Effort and Utilization 
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TERMA Case Conclusion 
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TERMA Case Follow-Up 
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[ f*WCET, WCET] 

1 Day 
6 Days 

f=100% f=95% 

f=90% f=86% 

ISOLA 2012 



TERMA Case  - Statistical MC 
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TERMA Case – Conclusion 
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Other Case Studies 

FIREWIRE BLUETOOTH  10 node LMAC 

Battery 
Scheduling 
(SENSATION) 
Erik Wogensen 
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Energy Aware 
Buildings 

Genetic Oscilator 
(HBS) 

Passenger 
Seating in 

Aircraft 

Schedulability 
Analysis for 
Mix Cr Sys 

Smart Grid 
Demand / 
Response 



www.uppaal.{org,com} 
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