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Two Basic Problems
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Outline: three short vignettes

* Control over explicit channels:
— Real Erasure Channel (packet drops)

e Implicit Comm in Decentralized control:
— LTI (linear time-invariant) controllers

— Nonlinear controllers



Deterministic perspective on the data rate theorem

e At each time step, log |\ bits



Control over noisy channels

uln
X[n|
Observer Noisy Channel —> Actuator

A

Feedback

Theorem [S. and Mitter, 2006]

A Scalar System is L-stabilizable if and only if
Cany(plog [A]) > log [A

where Cyp,(a) implies the maximum data rate that can be
achieved with anytime delay exponent «.

* Delay error exponent is important



Restrict to linear: observation over erasure channels

TN

x|n + 1] = Ax|n] + uln| + w|n]

\)T é;[i]: o ufn

Observer CX[H]—FV[?;/XT‘) > Actuator

0 W.p. Pe
1

‘ otherwise

PLANT SENSOR Estimator

x[n + 1] = Ax|n] + Bw[n}_> y[n] = Cx[n] + v[n] @ T Exn]y

0 w.p. pe
1 otherwise




Intermittent Kalman Filtering
x|n + 1] = Ax[n| + Bw(n
yln| = Bn|(Cx|n| + vin|)

There exists p; such that

when p, > p?, sup, E | (x[n] — E [x[n]|y"])*| = oc

when p. < pf, sup, E | (x[n] — E[x[n][y"]))*| < oo.

*
e Q: How can we characterize Pe ?

1
— For scalar system, p; = W by the noisy channel result

Critical Erasure Probability p; < e | -



Intermittent Kalman Filtering: Vector Systems

[Mo and Sinopoli, 2008] X[’n 4 1] _ [g _02] X[n] 4+ W[n]
y[n] = B[n] [1 1] x[n]
Information is a two-dimensional vector space. [xl[()]]
x[0] =
Z2|0)
y[0] = [1 1] x[0] t2[0
y[l] = [2 _2] x[0] Odd Time Ob. Even Time Ob.
y[2] = [4 4] x[0 1[0
y|13] = |8 —8] x |0 '

We need both even and odd time observations to decode X[n]

Delay till we get both kinds of observations becomes larger

1

Critical Erasure Probability decreasesto p; = 91 from 7



Intermittent Kalman Filtering: need enough rank
x|n + 1] = Ax[n| + Bw(n
y[n] = B[n)(Cx[n] + v[n)

-1 Intermittent Kalman Filtering P.=0
b

3 i“ti ' ' Observability

Sinopoli et al. [2004] Park and S. [2011]
Lyapunov Stability : Intermittent Observability :
Boundon p> Exact Characterization of D,

P
St

Theorem [Park and S., 2011]

The Critical Erasure Probability of the Intermittent Kalman
Filtering is given by

* 1
pe T 219@'

Imax; |)\z| &

where ...




Nonuniform sampling = each observation adds rank

Aol0 - 2|0
210 . Time 4T1me 1 | “Time 5
Odd Time Ob. Even Time Ob. Time 6v Time 3
| R > e !
CL’l[O 331[0
dXc(t) = AcXc(t)dt + B.dW(1)
Volt) = Coxe(t) + DY)
dt
‘ Uniform ‘ Nonuniform
Sampling Sampling
_m M
| L mn
1 i
xo((n+ 1)I) = Axe(nI) + Bwln| Xel(n+ 1)) = Axc(nl) + Bw[n|
yln] = Cx(nl) + v[5] yln] = Cx(nl {t] + vin]

timing jitter



Summary so far

e Noiseless Channels

— Source (and destination??)
of information are states.

* Noisy Channels

— Delay is also important.

Informatipn

Flow - * Real Erasure Channels
Communication ] ]
Channel — With linear controllers,
information should be
measured in dimensions.



Outline: three short vignettes

* Control over explicit channels:
— Real Erasure Channel (packet drops)

e Implicit Comm in Decentralized control:
— LTI (linear time-invariant) controllers

— Nonlinear controllers



Signaling by actions = Implicit Communication

Informatien
Flows??
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The moral of linear network coding

a, b Two-dimensional Source

a > b
R, \ R,
a
N b
R3
a la+b b
a+b L2 Javb
\ 4
D, D,
Received a, atb a+b,b  Two-dimensional
Decoded a,b a, b

 Information should be measured in dimensions.



Network coding and decentralized linear systems?

_Ta b zin + 1] = Azn] + Bywy[n] + - - - + By |n)
R, 3 b R, yl[n] — Clx[n]
R, <L7> 5
a a+b | b r Ym|n|] = Crz[n)
a+b LR ath |
Dl D2



LTI Stabilizability of decentralized linear systems

xin + 1] = Azn| + Biui|n| + - - - + Bun,|n)
ln| = Crzn)

Yuln] = Cnelr]

Theorem [Wang and Davison, 1972]
The system is LTI-stabilizable iff for all unstable A
maxg, rank(A — A — > . B,K;C;) = dim(A)

Theorem |Anderson and Clement, 1981]
The system is LTI-stabilizable iff for all unstable A

A=A BV} _ dim(A)

MINYy (] ... g} TANEK { Cre 0



Conceptual Example
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Conceptual Example

T N

Eigenvalue 2 Plant Eigenvalue 0.5

Controller 2
K2

» State-space representation of Decentralized
Control System

Controller 1
K1

r1[n + 1 2 1 [z1n]] [0 O
XToln + 1 2 Zo|n] 00
ZCgi?’L—Fli - 0.5 xgn 1 0 taln)
| 240 + 1] ] I 0.5] [z4fn]] [0 1
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yilnl = [o 10 0] zln



Figenvalue 2
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T N

 State-s
Contro

Plant

X3
x4

fa}

Eigenvalue 0.5
7\

>

Controller 2
K2

pace representation of Decentra

L1
L9
Controller 1
K1
System
z1[n +1]] 2
n+1] 2
m[n—l—l] N 0.5
z4n + 1| I
100
bl =g 1 g
00 1
velnl =109 o

I}_l OIIo DI

|
|
}
I

2191{
$2{
x3[n
$4{

n

T 1
o = O O
L o D CJI

uy[n] + us[n]

o o o —'
oo~ o




Conceptual Example
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Conceptual Example
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* LTI Network representation of communication

Y1 u, Yy U,
v b—d P4 P o4
H K, H’ K, |<H"




Conceptual Example
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Conceptual Example
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Unstable States associated with eigenvalue 2 Source
Unstable States associated with eigenvalue 2 Destination
Controllers Relays
Remaining States and Bi, Ci Channels

Unstable Subspace associated with eigenvalue 2 Message

Dimension of unstable subspace Rate of Message
associated with eigenvalue 2

Stabilizability (Enough implicit communication Capacity
for unstable subspace)



Conceptual Example
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Unstable States associated with eigenvalue 2 Source
Unstable States associated with eigenvalue 2 Destination
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Remaining States and Bi, Ci Channels
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for unstable subspace)

e LTI-Stabilizable since
(dimension of x1, x2) £ (capacity of network)



Eigenvalue 2

Contr
oller 1

Controllers

Eigenvalue 0.5

Y1
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Conceptual Example
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Conceptual Example

r1[n+1] 2 REQ [0 0] [10
woln+1]| To[n 00
r3n+ 1] 0.5 ¢ | Izaln Ml wiln] + 0{0 ualn) y u, y u,
win+1] | 05| Lanl] |0 ofo g oY, O—>@
-1 0 )- - 1 H Kl H; K2 Hn 1
yl[n] = 010 S X5 X5
001§
wlnl =1y g9 ~
Decentralized Linear Systems Relay Communication Networks
Unstable States associated with eigenvalue 2 Source
Unstable States associated with eigenvalue 2 Destination
Controllers Relays
Remaining States and Bi, Ci Channels
Stabilizability (Enough implicit communication Capacity

for unstable subspace)

» Stabilizable by LTI controllers since
(dimension of x1, x2) £ (capacity of network)



The general case

Cin2Asn 2(72)'131,%,2

Cv,x,z Ax,z,z(;’v)'lBl,x,z

. |\1 L
zln + 1| = Azn] + Biui[n] + - - - + Byuy[n| Ciaa .
° Bit
Y1 [n] - Clx[n] » ' ° Uy,
: _Bmkl
Cv,7v,1 v
yoln] = Cyx[n] v

Cin2 Ax,z,z(}«)'le,x,z

Cv,x,z Ax,z,z(%)'le,x,z

Decentralized Linear Systems Relay Communication Networks

Unstable States associated with eigenvalue A Source
Unstable States associated with eigenvalue A Destination
Controllers Relays
Remaining States and Bi, Ci Channels

Unstable Subspace associated with eigenvalue A Message

Number of Jordan blocks associated with Rate of Message
eigenvalue A

Stabilizability (Enough implicit communication Capacity
for unstable subspace)



Key idea: realize transfer functions as networks

Cin2Asn z(;v)'le,z

Cv,x,z Ax,z,z(;‘v)'lBl,x,z

| VAN
rg

zin + 1] = Azx[n] + Biuy[n] + - - - + Byuy|n] Cina —
o -Bl,l,l
yiln] = Chz[n] » Vi - u,
B..
: v,A,1
Cv,7v,1 v
yoln] = Cyz|n] v

Ciaa Ay 2o(R)1By; 0
Cv,x,z Ax,z,z(}v)'le,x,z

Linear System £ Relay Network Ny,

Theorem [Park and S., 2011]

The eigenvalue A of the linear system L is LTI-stabilizable it
and only if

(d.o.f. capacity of N}) > n,

where n ) 18 the number of Jordan blocks in A associated with

A.



Witsenhausen’s Counterexample ‘68

* Nonlinear controllers outperform best linear

* Linear controllers can be arbitrary-factor
worse than Nonlinear ones [Mitter and S. ‘99]



Witsenhausen’s Counterexample today

win {KE[13] +E[3]}
* Implicit Communication from C; to C,

* Constant-Ratio Approximate Optimality
[Grover, Park, S., 2012]

- Binary linear deterministic model divides
one-dimensional space into bit-levels
“fractional-dimensional subspaces.”



Bit-level picture of Witsenhausen’s counterexample

min { k’E [u7] + E [’::] } |

01 0 01 Tor ol 0
09 0 0o 02 09 0
floating | 203 0 ro3  xo3 o3 U
point L4 X4 0 (0] 0 0
Tos  xgs 0 wWo 0 Y
Toe  xgs U w3 0 0

o U1 X1 Y2 Uy T2

* Can we extend understanding to infinite-horizon?



Simple decentralized LQG problem

rn + 1] = ax|n| + ui|n| + us[n] + win|
nln] = ofn] + uln

yaln| = x[n| +valn

Lo 1
inf lim sup ~ Z E[qx*[n] 4+ riuin] + rous[n]]

M2 Nooo IV (2

e Scalar Two-User



Key hard decentralized LQG problem

rn + 1] = ax|n| + ui|n| + us[n] + win|
nln] = zn

yaln| = x[n] + va[n]

1
inf lim sup — Z E[gz*[n] + riuin]]
itz Nooo IV S

* Scalar Two-User with Asymmetric Controllers
— Controller 1 has perfect observations
— Controller 2 has free inputs



Key hard decentralized LQG problem

rn + 1] = ax|n| + ui|n| + us[n] + win|
nln] = zn

yaln| = x[n] + va[n]

o 1
inf lim sup ~ Z E[gz*[n] + riuin]]

U2 N—oo

0<n<N
0 1 2
wlofco] | “sfem]  “Bofcm]  “rbem
I ul[o_ | uy|th U1[2_ l Ul[n}
I I I I
x[0 x[1 r[2 o o o 1[n) rn+1 o e
L [ [ |
: us(0f | us[l | ug(2, | us|[n
L= D L= = L o L= =>
Yo [O CZ[O] n [1 Cz[l] Yo [2 C2[2] Yo [TL Cz[n]
Radner’s Witsenhausen’s

Problem Counterexample



Linear controllers: a deterministic perspective

z[n + 1] = 4xn] + ui[n] + us[n] + wln] wn] ~ N(0,1)
2
y1[n] = x|n valn] ~ N (0, 27)
i) = el el Efuffn]] < 2
Input
constraint forTime 1 Time 2 Time 3 Time 4
ntroller 1
coNoiZee 3313 3;13 0
level for le 119 O $23 193 0
controller 2 99 T B U X113 L33 TpOuy T4
L 5 Ty Q|1 T3g  Ip®lp  [Tog T3 TGy  [To4]
| /4021 T11 Q) |k S plap 19 Ty DUy |33 ‘:/,#1553 L13T53 00 | L34
ﬂlj SCH’/ T31 To1 () W11 33327 X592 L2 T30 Up W1 T3] / L63 L23 Vg3 D Vigrs| L 44
oot L2t T41 T31 (QWoa|Lag T2 32 Tgy D Vs W T3 L7333 T73 0 Usylng| L54
T3 T51 41 O W31[T59 X790 T42 Ty D Uy W3 Tz 5’?8% L 43 1g3 D 7}63“]33 L4
v I 2R 2 PR 2 vV ¢
z[l] =w[0]  azfl] il us(l w[l] x[2] az2] w2 wo[2]  w[2] w[3] u1[3 u2+3
4 A e
212 L93
U1 T99 D V19 T33 B V13
T11 D Uy T39 D V9 T43 D Vo3
> T91 D V3] > |Tg9 D VU3 > 53 D Uys
T31 D Uy T59 D Va9 T3 D V53
Yol Y22 Yal3.




Nonlinear controller

zln + 1] = 4zn] + ui[n] + ugn] + win] | wln] ~ N(0,1
9
y1[n] = x|n valn] ~ N(0,27)
y2[n] = x[n] + v2|n] Eju2[n]] < 22
Icr:)iﬁraint forlime 1 Time 2 Time 3 Time 4
controller 1
Noise
level for 12 '/]:12 O 1;13 51313 O
controller 2 O O O O O
L, 1 10 [y prn 0 T3/ 433 () T14
> / %21 29 8w 0V ,+r£42 %42 8 0 1/ )ﬂ£43 X 43 8 0
A Gt 31 31 0 W11[r3) 52052 1) Wi |w33] 53L53 U W3 |3y
Do Wl ATa Ty QW 51342/ L6262 () W |143 / L6363 () Wog | 24y
X3 T51 51 O W31|T59 5672 72 () w32 T3 fL“73 73 () w33 T
v S K K 2 2 vy \'v
z[l] =w[0]  azfl] il us(l w[l] x[2] az2] wi[2) usl2 wl2] 3 u1[3 U2+3
4 A
. oy s
11 19
T11 B vy 39 D U9 g?’?’ % 523
> Lo1 B V3 > Ty D vy N
231 D Uy T D Vg A
yll y[2 a3




Gap between linear and nonlinear

r|n + 1| = axn] + ui|n| + us|n] + win| |wn] ~ N
y1|n| = x[n| va[n] ~ N(0, a)

yaln| = x[n] + va[n] e

1
inf lim sup — Z E[gz*[n] + riuin]]
itz Nooo IV S

* The ratio between optimal strategy cost and

linear strategy cost must go to infinity.
Nt e Uy, U2 lim SUP N 00 % EO§n<N E[$2[n] + Tlu% [”H

infy, , Imsupy_ o % > _0<nen E[z?[n] + riug[n]]
as a — 0OQ.




Gap between linear and nonlinear

r|n + 1| = axn] + ui|n| + us|n] + win| |wn] ~ N
y1|n| = x[n| va[n] ~ N(0, a)

yaln| = x[n] + va[n]

e 1 2 [ 2
c(l) = u11n£2 hjr\?j;lopﬁ Z Elz*[n] + a'uin|]
0<n<N

Ul[’t] =0
log c(£)° wli] = —ali

] :

o6 ) / —Linear

_ ,// —Nonlinear
wil = —apli— /[ /

us|i] = 54-3-2-1012 3 4°5




Approximately Optimal Strategy

Tl l |
(I)ﬂ%? iﬂ%— éﬂ%ooox; z|s+ 1]
| o L 2 :

Linear Strategy Ly,
Ul[ ] = —klx[ ]

ug[n] = (—a + ky)E[z[n]|y5, uy "]
for some k1 € R




Approximately Optimal Strategy

y.'@'* o | yl_1L1__> G| y1[2 7L G2 y|1[§ C[S]
| w0 ]l | w2 I
I I ' '
I[O aj[l [2 o oo 3: s S —|—1
] I I I
| us0] us|l. : us(2 :
sz0¥> 5[0 yz_[f> = y2 . H_ - [S]

1-Stage Signaling
1-Stage Signaling Strategy Liig 1

—aRy(y1[n])
usn| = —a(Qua(y2ln| — Rag(ualn — 1])) + Req(ugn — 11))

£
El
||



Approximately Optimal Strategy

y.'@'* cpor] || * Lo[cm . Z{‘lLQ"’ Gl2l] y.'l[‘SL Cylsl
l up |0 urll u1[2 ! US|
o[0 o[l o2 ﬂ% o o s tls+ 1)) o o
L] b Jwit | Twl |0 Ll
yol0” L= yol1 LG yf LS yols] L2
1-Stage Signaling s-Stage Signaling

s-otage Signaling Strategy L,
w[n] = —aRq(in[n))
usn] = —a(Qusa(y2[n] — Rasal Z a' tusln — i)

1<<s

+ Rysal Z a' tus[n — 1))

1< <5



Approximately Optimal Strategy

rn + 1] = ax|n| + ui|n| + us[n] + win|
nln] = zn

yaln| = x[n] + va[n]

Theorem [Park and S., 2012]

There exists ¢ < 10* such that for all a, q, vy, oy, 0,

inft lim sup~ Elgz?[n] + riu’ln
ul,UQELlimUUSLsig,s N—)OOpNOS’I’LZ<N [q [ ] 1 1[ H < c
inf lim sup% > Elqa?[n] + rlfu%[n]] B

unLU2 N—oo 0<n<N




Conclusion

* There are information flows in control systems.

* Information can explicitly flow through communication
networks, and also implicitly flow through plants.

* |n linear systems, information can be measured in
dimensions and network-coding/compressive-sensing

ideas apply.

 To understand nonlinear control of linear systems, one
dimensional space can be resolved into multiple
fractional dimensional “subspaces” by bitwise linear
deterministic models.



* Thanks



Intermittent Kalman Filtering

Definition 1 A multiset, a set that allows duplications to its elements, {a1,a9, - ,a,}
i called a cycle with a length v and a period p if (Z—;)p =1 for all i,7 €
{1,2,--- ,r}. Conventionally, p tmplies the minimum i.e.

P min{n e N: (Z—;)n =1,Vi,5€4{1,2, - ,’(‘}}.

WLOG, we can say

A =diag{A11,A12, " , Ak, }

C=[C11,C1,2,- ,Clyni)

where A;; is a Jordan block matrix with an eigenvalue A; ;
{Ai1, + ,Aip, b 18 a cycle with a length r; and a period p;
For i # ¢/, {A; 5, Ay} 1s not a cycle

Cijis alx dimA;; matrix.
Denote

Ai = dz'ag{)\i,l, R 1y )\z','ri}

Ci = [(Ci1)1,++  (Cir)i]
where (Cj ;)1 implies the first column of C;;.

*
Let I; be the minimum cardinality among the set S’ C {0,1,--- ;p; — 1} such pe p—

that §:={0,1,--- ,p; — 1} \ &' = {s1,82, -+ , 5|5} and

CiA;*
CiA;™

CiA;s!

is rank deficient, i.e. strictly less than r;.



