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Network reconstruction	



Input	
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1. Sontag, Essay in Biochemistry 2008.	


2. Cantone, et. al. Cell, 2009.	



Modelling chemical reaction networks:!
States: concentrations of distinct chemical species in the system.!
Dynamics: chemical kinetics governing reaction rates.!
Boolean structure: encodes which species react with each other to produce 
or regulate the production of other species in the system.!
Example: gene regulatory networks in cellular biology.!



Motivation: 
Structure implies functionality:  

3. Network motif.	



1. Structural controllability.	



1.  Silverman and Glover IEEE TAC, 1977, Liu et al. 
Nature, 2011	



2.  Olfati-Saber and Murray IEEE TAC 2004.	


3.   Ma et. al. Cell, 2009.  Milo et. al. Science 2002.	



Incomplete knowledge about network 	


=> incorrect conclusion	



2. Structure in MAS.	





Till year 2008, x% of the molecular 
interactions in cells of Yeast and y% of human 
are still unknown?	



1.  Yu et. al. Science, 2008	


2.  Stumpf et. al. PNAS, 2008. 	



x=80	


y=99.7	
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Network	
  Reconstruc,on	
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  manifest	
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–  Lots	
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Correla,ons	
  
C(y1,y1) =  1.0000 
C(y1,y2) = -0.9898 
C(y1,y3) =  0.9621 

	
  

Mutual	
  Informa,on	
  
I(y1,y1) =  1.00 
I(y1,y2) =  0.82 
I(y1,y3) =  1.00 

	
  



Network	
  Reconstruc,on	
  Examples:	
  	
  
Correla,on	
  and	
  Informa,on	
  Methods	
  

!x1
!x2
!x3

!

"

#
#
#
#

$

%

&
&
&
&

=
'1 0 0
'2 '3 0
0 '2 '3

!

"

#
#
#

$

%

&
&
&

x1
x2
x3

!

"

#
#
#
#

$

%

&
&
&
&

+
1 0 0
0 1 0
0 0 1

!

"

#
#
#

$

%

&
&
&

u1
u2
u3

!

"

#
#
#
#

$

%

&
&
&
&

y1
y2
y3

!

"

#
#
#
#

$

%

&
&
&
&

=
1 0 0
0 1 0
0 0 1

!

"

#
#
#

$

%

&
&
&

x1
x2
x3

!

"

#
#
#
#

$

%

&
&
&
&

u1 x1 y1 

u2 x2 y2 

u3 x3 y3 

State	
  Space	
  Realisa,on	
  

Y1
Y2
Y3

!

"

#
#
#
#

$

%

&
&
&
&

=

1
s+1

0 0

'2
(s+1)(s+3)

1
s+3

0

4
(s+1)(s+3)2

'2
(s+3)2

1
s+3

!

"

#
#
#
#
#
#
#
#

$

%

&
&
&
&
&
&
&
&

U1

U2

U3

!

"

#
#
#
#

$

%

&
&
&
&

Transfer	
  Func,on	
  
,me	
   ,me	
  



Network	
  Reconstruc,on	
  Examples:	
  	
  
Correla,on	
  and	
  Informa,on	
  Methods	
  

!x1
!x2
!x3

!

"

#
#
#
#

$

%

&
&
&
&

=
'1 0 0
'2 '3 0
0 '2 '3

!

"

#
#
#

$

%

&
&
&

x1
x2
x3

!

"

#
#
#
#

$

%

&
&
&
&

+
1 0 0
0 1 0
0 0 1

!

"

#
#
#

$

%

&
&
&

u1
u2
u3

!

"

#
#
#
#

$

%

&
&
&
&

y1
y2
y3

!

"

#
#
#
#

$

%

&
&
&
&

=
1 0 0
0 1 0
0 0 1

!

"

#
#
#

$

%

&
&
&

x1
x2
x3

!

"

#
#
#
#

$

%

&
&
&
&

u1 x1 y1 

u2 x2 y2 

u3 x3 y3 

State	
  Space	
  Realisa,on	
  

Y1
Y2
Y3

!

"

#
#
#
#

$

%

&
&
&
&

=

1
s+1

0 0

'2
(s+1)(s+3)

1
s+3

0

4
(s+1)(s+3)2

'2
(s+3)2

1
s+3

!

"

#
#
#
#
#
#
#
#

$

%

&
&
&
&
&
&
&
&

U1

U2

U3

!

"

#
#
#
#

$

%

&
&
&
&

Transfer	
  Func,on	
  
,me	
   ,me	
  

Correla,ons	
  
C(y2,y1) = -0.0000 
C(y2,y2) =  1.0000 
C(y2,y3) = -0.9407 

	
  

Mutual	
  Informa,on	
  
I(y2,y1) =  0.00 
I(y2,y2) =  1.00 
I(y2,y3) =  0.82 
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Correla,ons	
  
C(y3,y1) =  0.0000 
C(y3,y2) =  0.0000 
C(y3,y3) =  1.0000 
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  Reconstruc,on	
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Correla,on	
  and	
  Informa,on	
  Methods	
  

State	
  Space	
  Realisa,on	
  Transfer	
  Func,on	
  

•  Try	
  to	
  find	
  sparsity	
  pa=ern	
  in	
  the	
  input-­‐output	
  map,	
  
or	
  Transfer	
  Func,on	
  

•  Do	
  not	
  find	
  the	
  internal	
  sparsity	
  pa=ern	
  of	
  the	
  
underlying	
  State	
  Space	
  Realisa,on	
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More	
  informa,on	
  about	
  	
  
Internal	
  structure	
  of	
  the	
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Bellman and Astrom, 1970. Lessard, Kristalny and Rantzer, submitted, 2012 	
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Uniquely	
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! 

G(s) = C(sI " A)"1B +D

Ill-­‐posed:	
  
z=Tx,	
  any	
  inver,ble	
  T will	
  do	
  

! 

˜ A = T "1AT,  ˜ B = T "1B,  ˜ C = CT,  ˜ D = D
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  methods	
  find	
  the	
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  (A, B, C, 
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  (A, B, C, D) generate	
  the	
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  G?	
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  C = I, D = 0.	
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  do	
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  methods	
  find	
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  when	
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  the	
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•  Assume	
  full	
  state	
  measurements	
  i.e.	
  C = I, D = 0.	
  
•  Fact:	
  If	
  C = I, D = 0 then	
  there	
  is	
  a	
  unique	
  minimal	
  state	
  

realisa,on	
  for	
  every	
  transfer	
  func,on	
  G.	
  A=sI-­‐G-­‐1	
  when	
  B=I	
  	
  
Julius, Zavlanos, Boyd, Pappas, 2011.  Chang, Tomlin, 2012.  	
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Assume	
  full	
  state	
  measurements	
  
C = I, D = 0	
  

•  What	
  if	
  we	
  mistakenly	
  assume	
  full	
  state	
  measurements?	
  
•  If	
  we	
  only	
  miss	
  one	
  “hidden”	
  state,	
  will	
  our	
  conclusions	
  be	
  

“close”?	
  	
  



Network	
  Reconstruc,on	
  Example:	
  
Missing	
  Just	
  One	
  Hidden	
  State	
  
Conclusions	
  can	
  be	
  arbitrarily	
  wrong!	
  

! 

G(s) =
1
s+ 3

1
s+1
1
s+ 2

" 

# 

$ 
$ 
$ 

% 

& 

' 
' 
' 



Network	
  Reconstruc,on	
  Example:	
  
Missing	
  Just	
  One	
  Hidden	
  State	
  
Conclusions	
  can	
  be	
  arbitrarily	
  wrong!	
  

! 

A =

"1 0 1
0 "2 1
0 0 "3

# 

$ 

% 
% 
% 

& 

' 

( 
( 
( 

! 

A =

"2 "1 1
"1 "3 1
0 "1 "1

# 

$ 

% 
% 
% 

& 

' 

( 
( 
( 

! 
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Both	
  realisa,ons	
  are	
  minimal	
  



Outline	
  

•  Mo,va,on	
  
•  Introduc,on	
  of	
  dynamical	
  structure	
  func,on	
  
•  How	
  it	
  can	
  be	
  used	
  to	
  solve	
  this	
  network	
  
reconstruc,on	
  problem?	
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intermediate	
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Dynamical	
  Structure	
  Func,ons	
  

State	
  
Realisa,on	
  

Transfer	
  
Func,on	
  

G	
   (A,B,C,D) 

	
  Data	
   	
  Models	
  

Iden,fica,on	
  

Structural	
  
Informa:vity	
  

Minimal	
  
Realisa,on	
  

Dynamical	
  	
  
Structure	
  Func=on	
  

Reconstruc,on	
  

(Q,P) 



Dynamical	
  Structure	
  Func,ons	
  

State	
  
Realisa,on	
  

Transfer	
  
Func,on	
  

G	
   (A,B,C,D) 

	
  Data	
   	
  Models	
  

Iden,fica,on	
  

Structural	
  
Informa:vity	
  

Minimal	
  
Realisa,on	
  

Dynamical	
  	
  
Structure	
  Func=on	
  

Reconstruc,on	
  

(Q,P) 

•  Dynamical	
  Structure	
  Func,ons	
  (DSF)	
  
–  New	
  representa,on	
  for	
  systems	
  
–  More	
  structurally	
  informa,ve	
  than	
  the	
  input-­‐output	
  map	
  
–  Less	
  restric,ve	
  to	
  reconstruct	
  from	
  data	
  than	
  the	
  full	
  state	
  realisa,on	
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  Space	
  Realisa,on	
  

•  Signal	
  Structure	
  
–  Makes	
  no	
  assump,ons	
  about	
  

hidden	
  states	
  
–  Describes	
  the	
  causal	
  

dependencies	
  among	
  manifest	
  
variables	
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•  Consider the system:	



! 

u(t)" Rm

y(t)" Rp

z(t)" Rn# p

with	


inputs	



measured states	



hidden states	
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' U•  Taking Laplace transforms:	



! 

" Z = (sI # A22)
#1A21Y + (sI # A22)

#1B2U
•  Solving for hidden states in	


  terms of measured states 	



  and inputs:	



•  Substitute for Z in first line:	



! 

sY = A11Y + A12 (sI " A22)
"1A21Y + (sI " A22)

"1B2U[ ] + B1U

! 

sY =WY +VU  

! 

sY = A11 + A12(sI " A22)
"1A21[ ]

W
! " # # # # $ # # # # 

Y + A12(sI " A22)
"1B2 + B1[ ]

V
! " # # # # $ # # # # 

U

•  To solve for Y, let D be a matrix	


  of the diagonal entries of W: 

! 

D = diag W11,W22,...,Wpp( )

! 

" (sI #D)Y = (W #D)Y +VU

  

! 

" Y = (SI #D)#1(W #D)[ ]
Q

! " # # # $ # # # 
Y + (SI #D)#1V[ ]

P
! " # # $ # # 

U

! 

Y =QY + PU

Note Q is zero on the diagonal. 	


It is a matrix of strictly proper 	



transfer functions relating outputs	


to other outputs.  P is a 	



matrix of strictly proper transfer 	


functions relating inputs to outputs 	



excluding dependence on any 	


other output.	
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Outline	
  

•  Mo,va,on	
  
•  Introduc,on	
  of	
  dynamical	
  structure	
  func,on	
  
•  How	
  it	
  can	
  be	
  used	
  to	
  solve	
  this	
  network	
  
reconstruc,on	
  problem?	
  



Dynamical network structure 	


Question: given input-output 
measurements from a system, 
can we reconstruct its dynamical 
or boolean structure? 

Every transfer function admits any internal structure!
Given G and Q there is a P such that (Q,P) is consistent with G.!

In particular, any transfer function has a realisation with an internal structure 
that is completely de-coupled (i.e. Q = 0) or fully connected.!
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Transfer	
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  Data	
   	
  Models	
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Structural	
  
Informa:vity	
  

Minimal	
  
Realisa,on	
  

Dynamical	
  	
  
Structure	
  Func=on	
  

Reconstruc,on	
  

(Q,P) 

•  Reconstruc,on,	
  like	
  Realisa,on,	
  is	
  ill	
  posed	
  
–  Many	
  (Q,P)s	
  consistent	
  with	
  same	
  G	
  
–  Impossible	
  without	
  a	
  priori	
  structural	
  informa,on	
  

•  For	
  realisa,on,	
  need	
  knowledge	
  of	
  full	
  state	
  measurements	
  
•  For	
  reconstruc,on,	
  target	
  specificity	
  is	
  sufficient	
  



Network reconstruction	



State	
  
Realisa,on	
  

Transfer	
  
Func,on	
  

G	
   (A,B,C,D) 

	
  Data	
   	
  Models	
  

Iden,fica,on	
  

Dynamical	
  	
  
Structure	
  Func=on	
  

Reconstruc,on	
  

(Q,P) 



If nothing is known about the network of some measured species, then the 
experiments must be performed as follows:!

1. For a network composed of p measured species, the same number of !
    experiments p must be performed.!

2. Each experiment must independently control a measured species. In other!
    words, control input i must first affect measured species i.!

Experiment guideline for biological 
network reconstruction: (P is diagonal)	
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• Motivation	



•  Introduction of dynamical structure function	



• How it can be used to solve this network 
reconstruction problem?	



• What else?	
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lim
s→∞

sQ(s) = A11 − diagA11

lim
s→∞

P (s) = B1

Theorem:  Let (A, B) be the matrices from the state-space representation of an LTI system, and 
(Q, P) its dynamical structure function. If Q[i,j] is nonzero, then either A11[i,j] is nonzero or 
there exists a sequence k1,k2,... of indices corresponding to hidden states such that A(i,k1), A
(k1,k2)... A(km-1,km), A(km,j) are nonzero.	
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Ill-­‐posed:	
  
z=Tx,	
  any	
  inver,ble	
  T will	
  do	
   !A = T !1AT,  !B = T !1B,  !C =CT,  !D = D
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 Consider the system:	
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�
I 0
0 T̄

�
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�
A11 T̄−1A12
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[Q | P ] =




0 1

s+2
1

s+3 | 1
s+4

1
s+1 0 1

s+3 | 1
s+4

1
s+1

1
s+2 0 | 1

s+4



 .

G =





(s+1)(s+3)
s3+6s2+8s−2

(s+2)2

s3+6s2+8s−2
(s+2)(s+3)2

(s+4)(s3+6s2+8s−2)





Yuan et. al. arxiv 2011.	
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Issues: 
• Information 
• Hidden/Latent nodes 
• Nonlinearity 
• Robustness 

Small perturbation 
at steady state!
keep it linear! 

Pan, Yuan, Goncalves, Stan, CDC 2012	







• Robustness 

 Yuan, et. al., Automatica 2011.	


Hayden, Yuan, Goncalves, CDC 2012.	
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Conclusion	



"   Y. Yuan, “Decentralised network prediction and reconstruction algorithms,” PhD Thesis, 
2012. (available on www-control.eng.cam.ac.uk/~yy311) [Chapter 3] 
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